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Hamiltonian partial differential equations often have implicit con-
servation laws—constants of the motion—embedded within them.
It is not, in general, possible to preserve these conservation laws
simply by discretization in conservative form because there is fre-
quently only one explicit conservation law. However, by using
weighted residual methods and exploiting the Hamiltonian structure
of the equations it is shown that at least some of the conservation
laws are preserved in a method of lines (continuous in time). In
particular, the Hamiltonian can always be exactly preserved as a
constant of the motion. Other conservation laws, in particular linear
and quadratic Casimirs and momenta, can sometimes be conserved
too, depending on the details of the equations under consideration
and the form of discretization employed. Collocation methods also
offer automatic conservation of linear and quadratic Casimirs. Some
standard discretization methods, when applied to Hamiltonian prob-
lems are shown to be derived from a numerical approximation to
the exact Poisson bracket of the system. A method for the Vlasov-
Maxwell equations based on Legendre—-Gauss—Lobatto collocation
is presented as an example of these ideas. © 1996 Academic Press, Inc.

1. INTRODUCTION

Some partial differential and integro-partial differential
equations of evolution have an underlying Hamiltonian
structure [1-4] that is responsible for the existence of inter-
esting conservation laws. Since the Hamiltonian structure
of these equations is tied closely to the physical system
that they represent it would seem prudent to retain as much
of this structure as possible when developing numerical
methods to discretize such problems. Ideally, we should
like to be able to develop semi-discrete methods—
continuous in time—that are finite dimensional Hamilto-
nian systems; these might then be fully discretized with
either symplectic or energy conserving time discretization
methods [5-8]. In this paper the less ambitious goal of
preserving some of the constants of the motion from the
continuous problem will be pursued; for example, I will
show that a properly formulated weighted residuals
method can always exactly conserve the Hamiltonian, even
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at finite spatial resolution, no matter how nonlinear a func-
tional the Hamiltonian is.

The trivial prototype for a Hamiltonian partial differen-
tial equation is the linear advection equation

Ju _ du

— = 1

Jat  Ox M
This equation is, of course, in the form of a classic hyper-
bolic conservation law; thus, the linear advection equation
is simply a statement of the conservation of ‘“mass”
[ u dx, so that

d%j:udx=0. (2)

But, assuming that everything decays quickly as |x| — o,
any classical solution of Eq. (1) also conserves ‘“‘energy”’
f u? dx, and indeed, it conserves f u" dx for any n; that is,

d%fl u" dx = 0. 3)

These constants of motion can be identified with algebraic
features of the Hamiltonian structure that underlies the
linear advection problem; the philosophy presented in this
paper is to exploit this structure as much as possible in
deriving (continuous in time) numerical methods to ensure
that the numerical approximation has something like Ham-
iltonian structure and to ensure that this structure is closely
enough related to its continuous cousin that it preserves
some of the constants of the motion.

It is important to note that the conservation laws in Eq.
(3) for n > 1 are not explicit; Eq. (1) is a hyperbolic
conservation law for conservation of mass, but we do not
have separate hyperbolic conservation laws for conserva-
tion of “energy” [ u® dx or for the conservation of
J u? dx, whatever that is. This is typical of Hamiltonian
partial differential equations; unlike, for example, the
Navier—Stokes equations which include explicit equations
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for conservation of mass, momentum, and energy, Hamil-
tonian systems often have conserved quantities—also
called constants of motion—that are direct consequences
of the governing equation, but not expressed as separate
conservation laws. For example, the conservation of the
quantities | u” dx for n > 1 is a consequence of Eq. (1),
but their conservation cannot be guaranteed simply by
discretizing the equation in conservative form. For exam-
ple, the upwind difference on a uniform grid of unit
spacing,

dui _ .
E—MH]_M,‘, 1= —0 00, (4)
conserves X; u;, but not ; u?; similarly, the central differ-
ence conserves both these sums, but not >, 7. The advan-
tage of the central difference, in this respect, comes about
because it happens to retain more of the Hamiltonian struc-
ture than did the forward difference.

In the abstract, Hamiltonian systems are basically built
out of two things: a functional of the system state called
the Hamiltonian—often but not necessarily the physical
energy in the state—and a bilinear operator called a Pois-
son bracket that can build a new functional of system state
from two old ones. The key point of this paper is that we
should focus on the bracket and discretize it, producing
thereby a “numerical bracket” which can be used to build
a Hamiltonian-like system on a finite dimensional space
of numerical degrees-of-freedom. By examining the prop-
erties of this discretization of the bracket we can determine
beforehand if certain conservation laws will be preserved,
in much the same way that discretization of hyperbolic
conservation laws in conservative form preserves their con-
servative structure.

The purpose of this paper is therefore to examine how
the conserved quantities—and particularly the Hamilto-
nian itself—of Hamiltonian partial differential equations
can be preserved in weighted residual and collocation
methods by examining the properties of the Poisson
bracket. I believe that this study provides some insight into
why some methods simultaneously preserve several of the
constants of the motion of Hamiltonian PDEs while others
do not, and it thereby provides us with a set of ideas
on how to develop conservative methods for Hamiltonian
problems—what basis functions or degrees of freedom to
choose—or how to recognize the conservative Hamilto-
nian structure in standard methods.

2. BRACKETS

The methods to be presented in this paper are based on
purposefully exploiting the structure of Hamiltonian PDEs
as Hamiltonian PDEs, rather than exploiting some other
feature such as their structure as hyperbolic conservation
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laws. A very brief review of the pertinent Hamiltonian
structure for autonomous isolated systems is presented
here. All of the material in this section can be found in
standard texts on Hamiltonian systems (see, for example,
Goldstein [9], Olver [10], and Marsden and Ratiu [11]).

The problems of interest are evolution equations for
a system state vector u(f), which can represent several
functions of several independent variables besides time.
This state is assumed to satisfy an evolution equation of
the form

& ) 2L ), )

where A(u), for a fixed u, is a linear operator that is anti-
symmetric with respect to an inner product ¢ , ), and
671 éu is the variational derivative of a real valued nonlin-
ear functional /7, called the Hamiltonian of the system.
This derivative is the function 6777/6u that satisfies

o At sh) — () _ <54i ’ h> ©)

e—0 & ou

for each arbitrary perturbation 4. This essentially plays the
role of gradient of the Hamiltonian functional 7. It can
generally depend explicitly on u and on all of the indepen-
dent variables on which u depends, excepting only time
(this is the autonomous case; many of the ideas presented
in this paper also apply to the nonautonomous case, but
this is not further discussed). For example, Eq. (1) (with
u(x, t) — 0 as |x| — ) is in the form of Eq. (5), with
4= d/ox and

() = % f " uWdx (7)

which has 67¢/6u = u.

Now, suppose that u(f) represents a solution of Eq. (5),
and let # be any (generally nonlinear) functional of u;
then we easily compute that

4 ) = (5 ). %)
®)

= (22 o ) 2 i)

So consider the creature {{ , }}, called the bracket, which
takes any two functionals, 7 and &, and builds a new one,
{7, 41} according to the formula

{7, 0 3u) = <§—7 (), () o <u>>. ©)
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Equation (8) says that, in terms of this bracket, the rate
of change of a functional 7 along a solution of Eq. (5) is
given by

4 () = 47 A Rw(@). (10)

Because of the properties of . (u), and of the variational
derivative, the bracket has the following three properties:

a7 + Bo, 7Yy = o7, 7V + B, 7N (11)
{7, o= -{{v.7}1} (12)
[, Y = 7o, 0 + {7, ). (13)

Thus, this bracket is bilinear (Eq. (11)), it is anti-symmetric
(Eq. (12)), and it satisfies the chain rule (Eq. (13)). Each
of these properties is inherited: bilinearity from the inner
product, anti-symmetry from .7, and the chain rule from
the variational derivative. If, in addition, the bracket satis-
fies the rather nontrivial Jacobi condition

7 o, oy + {llo, o, 70 + {{or, 73, o1 =(0 :
14

for all functionals &, &, 7 then the bracket is called a
Poisson bracket. In this paper I shall be concerned with
problems that can be written in the form of Eq. (5) and
for which .# generates a bracket that has the properties
of Egs. (11)-(13), but not necessarily Eq. (14). Authentic
Hamiltonian systems are based on true Poisson brackets
which must satisfy Eq. (14). But while the Jacobi condition
is responsible for much of the analytic beauty of Hamilto-
nian systems, the Jacobi condition is not crucial to the
existence of constants of the motion, and it is at times not
satisfied by the brackets presented in this paper. In this
paper the goal is conservative evolution, so the Jacobi
condition will not be needed.

For a given Hamiltonian /7, any other functional 7 that
satisfies {7, 7}} = 0 is obviously a constant of motion
defined by that Hamiltonian; for, as we see from Eq. (10),
the quantity Z#(u(¢)) then equals Z(u(0)). For evolution
systems derived from brackets these constants can be clas-
sified into three types: the Hamiltonian, Casimirs, and mo-
menta. The Hamiltonian 77 has a special place among the
constants of the motion because its gradient defines the
evolution of the system; it is constant simply because the
bracket is anti-symmetric: {{o7, 2}y = —{{o7, Y} = 0.
On the other hand, with Hamiltonian PDE:s it is common
for the bracket to be degenerate, so that there is a func-
tional ¢ that satisfies {{¢', &}} = 0 for all other functionals
& . In this case ¢ is conserved no matter what the Hamilto-
nian is; such constants are called Casimirs. Finally, other
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constants of motion .# that are neither the Hamiltonian
nor a Casimir are generally called momenta. There is a
known correspondence between symmetries of the Hamil-
tonian and the momenta (see, e.g., [9-11]); the classical
example of this is the linear momentum of a particle in a
mechanical system, which is conserved provided only that
the Hamiltonian for the system is invariant under the group
of translations in space.

The simplest examples of Hamiltonian partial differen-
tial equations are based on the bracket

< ara 00,
- du 0x ou

{7, 9% =

(15)

(assuming rapid decay as |x| — ). The functional
() = [ 1?12 dx, with 87 A/ 8u = u, is then the Hamil-
tonian for the linear advection dynamics

Ju d O J
at  dx Su  ox “ (16)

Similarly the Hamiltonian #'na(u) = [ ©’/6 dx, with
8J0naldu = u?/2, generates the nonlinear advection dy-
namics

u_ 98 _out_ du

2% _ 22 =
ot ox du Ox 2 ox

(17)

while this same bracket structure and the Hamiltonian

, o |1 1(ou)?
o = T e
mm)h&uzgﬂm (18)
produce the dynamics
u_ 9 8 _ 9 (u* | du du , u
_——=— = — | — —_— ] = - - 1
ot o9x Su  ox < 2 8x2> “ox T o (19)

which is the Korteweg—de Vries (KdV) equation [12].

These three systems-linear advection, nonlinear advec-
tion, and the Korteweg—de Vries equation—can all be
written as hyperbolic conservation laws, and thus all three
conserve the “mass” functional . /() = [ _ u dx. From
the Hamiltonian systems perspective we see that
6. NV1éu = 1, so for any functional &

59 & 8.

Su ox ou dx =0.

{1 oh=-g, 1=~

(20)

Thus, . /" is a Casimir; it is conserved no matter what is
used for the Hamiltonian. However, a direct computation
will show that 77, is a momentum for both the nonlinear
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advection equation and the KdV equation. Note that
J 1?12 dx is often called “energy” because it is a quadratic
quantity, like the Hamiltonian of a harmonic oscillator,
but formally it is a momentum, a quantity conserved be-
cause of a symmetry of the Hamiltonian, in this case invari-
ance under spatial translations. Thus, the structure of these
equations as hyperbolic conservation laws tells us only
about a single conserved quantity, the Casimir ./, but in
fact they conserve quantities other than this as well; and
while discretizing them in conservative form will ensure
that .17 is conserved, doing so does not guarantee the
conservation of their respective Hamiltonians, or of the
momentum J7p a.

The theme of this paper is that it is possible, in general,
to discretize Hamiltonian partial differential equations so
that the resulting numerical system can, in the limit of
continuous time, be derived from a bracket. Since it is this
bracket structure that is responsible for constants of the
motion in Hamiltonian systems, this view of discretization
provides a great deal of insight into how to discretize so that
conserved quantities are retained in the numerical method.

3. THE NUMERICAL BRACKET FOR A WEIGHTED
RESIDUALS METHOD

Suppose that we wish to develop a weighted residuals
method for the Hamiltonian equation

ON

QR )

a 1)
based on some finite expansion of the sort u =~ U = a'¢
(the summation convention is in effect, with summation
implied over any index repeated in both super- and sub-
script). Here a is a time-dependent expansion coefficient
and ¢; is an expansion function which depends on the
independent variables—other than time—of the problem.
We can, of course, view this problem as one of finding a
set of ODE:s for the expansion coefficients a'. In a weighted
residuals method each of the expansion coefficients is ide-
ally a linear functional of u, a’ = (¢', u), where ¢' is a
weight function for the method. But in a Hamiltonian
problem the time rate of change of functionals is deter-
mined by the bracket; one approach to the problem, and
the one put forward here, is therefore to simply modify
the exact bracket {{ , }} so that it acts not on functionals
of the continuous state u, but on the discrete state repre-
sented by the expansion coefficients a'.

So let us begin with a set of N expansion functions
{¢i}i=1.v and a set of N weight functions {¢'};-;..y, which
are required to satisfy the bi-orthonormality conditions

(&', &) = 6. (22)
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This can always be arranged, of course, through a Gram-—
Schmidt process. From these functions we can construct a
projection operator P,

Pu = (¢', uyd;, (23)

and its adjoint P?,

Plu= (¢, u)¢". (24)
A standard (continuous in time) weighted residuals
method for Eq. (5) is then formulated by projecting the
initial data onto the expansion functions U(0) = Pu(0)
and similarly projecting Eq. (5) to get

U ON

Unfortunately, this system of evolution equations cannot,
in general, be derived from a bracket, so the Hamiltonian
J is not, in general, conserved by this weighted residuals
discretization.

The heart of this paper is to point out that a trivial
modification of Eq. (25) produced by placing the adjoint
projection operator P’ on the right of the variational deriv-
ative of 7" in Eq. (25),

au O
o PI(U)P S (U), (26)
is in fact derived from the bracket
. S8F . 1%
T, ) ==, PI(u)PT "=
1= (& R 22 @)

(the subscript “w” denoting weighted residuals). This nu-
merical bracket is clearly bilinear and satisfies the chain
rule, and, because .7 is sandwiched between P and PT, this
bracket also retains the anti-symmetry of .#. While this
bracket will not necessarily satisfy the Jacobi identity, it
does contain all the properties of a bracket, Egs. (11)—(13),
that are useful in seeking constants of the motion.

The philosophical difference between Eq. (25) and Eq.
(26) is this: in a standard weighted residuals method we
project the rate of change of u onto the subspace that is
spanned by the expansion functions, while in Eq. (26) we
replace .# by P./P" in order to retain the anti-symmetry
of the operator .# in the numerical method. Both ap-
proaches are intended to derive an approximate descrip-
tion of the dynamics that leave a subspace invariant, but
in Eq. (26) we may (although not necessarily) accept some
extra error (due to P') in order to produce a numerical
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description that can be derived from a bracket, and thereby
achieve conservation of the Hamiltonian.

Because Eq. (26) inherits its bracket structure from the
bracket of the original system, Eq. (5), it is easy to make
some observations about its conservation properties, i.e.,
to note how it can preserve some constants of the motion.
The most trivial, yet most important, of these conservation
properties (CP) is:

CP 3.1.
nian .

Equation (26) always conserves the Hamilto-

Proof. This follows trivially from the fact that the nu-
merical bracket [ , ],, is anti-symmetric. [l

This means that, in the limit of continuous time but
otherwise finite discretization, the Hamiltonian can be ex-
actly conserved, no matter how nasty a nonlinear func-
tional it may be.

The next two conservation properties deal with two spe-
cial cases in which Casimirs are relatively easy to retain:

CP 3.2. A linear Casimir ¢(u) = {c, u) of a bracket
{, 1} is also a Casimir of the numerical bracket | , |, if
Pic = c.

Proof. Such a Casimir obviously satisfies P.7(u)P'6¢ /
Su = PJ(u)c. But since ¢ is a Casimir of the exact bracket
{, }} it must be that .#(u)c = 0, and so [&, ¢],, = O for
any functional <. ||

CP 3.3. A quadratic Casimir ¢ (u) with 6¢/6u = u is
constant along solutions of Eq. (26) if P = P".

Proof. 1In general,

2 (W) =~[7, 1UW)

and in the present case P.s(U)P'8C/éu = P.7(U)PU. But
PU = U since P is a projection, so we have P.7(U)P'5¢/
du = PJ(U)U = Osince ¢ is a Casimir of the exact bracket.
Hence [H, C],,(U(t)) = 0, which implies dC/dt = 0. ||

The last two conservation properties provide similar re-
sults for momenta:

CP 3.4. A momentum . (u) = (m, u) that is linear in
u is conserved by Eq. (26) if P'm = m and P/((Uym =
J(U)m for all U in the range of P.

Proof. 1In this case P.#(U))P'm = 7(U)m, and so

d i Y o
= IP'
dt <’"’P P 6u> <5

o
- 5
<6u ’"> 0

_# is a momentum of the continuous system. ||

PIP'm >

since
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CP 3.5. A quadratic momentum with 6.4 /6u = u is
conserved by Eq. (26) if P = P" and P/(U)U = S(U)U
for all U in the range of P.

Proof. Now we have PI(U)PS /Isu =
PI(U)PS 416w = PI(U)U = J(U)U, for U in the
range of P. And so d.#/dt = (U, PIP6IISu) =
—(oo’ls, Uy = 0. |

So it is possible in general to write a weighted residuals
type method in such a way that at least the Hamiltonian
and possibly several other constants of the motion are
preserved, and this is true independent of the details of
the Hamiltonian of the system being treated. Sometimes
these methods are standard weighted residuals methods;
when P#(U) = P7(U))P" Egs. (26) and (25) are identical,
otherwise they are not. The conservation of quadratic mo-
menta and Casimirs (CP 3.3 and CP 3.5) have a common
requirement that the projection be self-adjoint P = Pf;
this is reminiscent of a known result for weighted residuals
methods [13].

Itis standard in finite dimensional Hamiltonian mechan-
ics to write a bracket in terms of its structure functions,
which are the brackets between all pairs of degrees of
freedom. For the expansion coefficients a’ these structure
functions are denoted [a’, a’],,. This function relates the
time rate-of-change of the dynamical variable a; to the
rate of change of the Hamiltonian with respect to a;, and
normally it is a function of the system state. Using the fact
that P’ is a projection, these structure functions can be
evaluated from

[a', a’]..(a) = (¢, 7 (a" D) '), (28)
where a = {da!, a?, ..., a’} is the vector of expansion coeffi-
cients. Note that these are in general functions of the
expansion coefficients a because .7 is such a function. The
utility of the structure functions is that they allow Eq. (26)
to be rewritten as a system of ODEs in slightly different
form. We start from Eq. (26) in the form

da

U (4ot agr SE

- (a "¢k)>, (29)
where U has been rewritten as the explicit expansion a*¢y
(and remember the summation convention). But from the
definition of the variational derivative

N //((lk(bk + 8(){)) - //(ak(f)k)
(0,57 (ha) iy T2

]

(30)
I .,
=0 (@0

SO
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6//

( “p) = — A (a“ )¢ (31)

(remember to sum over j). Using the linearity of .# and
noting that 9.7"/da’ are scalars, it then follows that

da' . 0 .
i (¢, I(a" i) d') @,// (a*dr) (32)
or
da’ AN
1 ] —_
el AT M (33)

which is in the form of a classical finite dimensional Hamil-
tonian system in noncanonical coordinates. While algebrai-
cally equivalent to Eq. (26), this form of the equations
emphasizes a different view of the weighted residuals
method; it forces attention on the bracket between the
weight functions, [a, a’], as the quantities that describe a
class of numerical methods applicable to a problem derived
from a particular bracket.

The developments above emphasize that it is always
possible to write down a weighted residuals method in
a form that can be derived from a numerical bracket
and which, therefore, exactly conserves the Hamiltonian
of the exact system. Because the numerical bracket is
derived from the true bracket using projection operators
it is also fairly straightforward to see how some other
conserved quantities—Casimirs and momenta—can
sometimes be retained by the weighted residuals method
as well.

3.1. Example: Fourier—Galerkin Methods

The ideas developed above in the abstract will now be
applied to the Fourier—Galerkin method; in this section we
shall see the highly conservative nature of Fourier spectral
methods as applied to advection problems and show that
this conservation comes about because these methods, ap-
plied to these problems, in fact, yield finite dimensional
Hamiltonian systems of the form given in Eq. (26) or

(33).
We begin with the Poisson bracket given in Eq. (15),
where ¥ = 9/dx, and use periodic boundary condi-

tions. The obvious set of expansion functions are then
the sines and cosines, so let us represent the projections
P = Plas

N N
Pu = 1 C’+ > C"cos(nx) + >, §"sin(nx),
n=1 n=1

: (34)

where C" = (1/m) f’iﬂ u(x) cos(nx) dx and §" = (1/m)
1) :T u(x) sin(nx) dx. From these we can easily compute the
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structure functions of the numerical bracket using Eq. (28)
and discover that

[c", ™, = [S", §™], =0
(35)

[C7, 8], = ~[s", €™, = &

Because these structure functions are independent of C”
and S” this bracket actually satisfies the Jacobi identity
too; indeed, it is almost in canonical form. The evolution
equations derived from this bracket and any Hamiltonian
S are then

ac” _n oA
dt 7 aS"
(36)
as” __n AN
dt ToC"

which is quite obviously in Hamiltonian form with S” the
variable dynamically conjugate to C”".

We see immediately that, no matter what the Hamilto-
nian is, C° is a Casimir and is exactly conserved by the
numerical approximation; physically it is the mass function
"= [ u dx, and its conservation was inevitable from CP
3.2. Also, CP 3.5 applies, so that ' 5 = f u? dx will be
conserved by the numerical method if it is conserved by
the exact system. And, of course, no matter what the Ham-
iltonian 7 is, it will also be conserved according to CP
3.1. Furthermore, for the projection P and operator . at
hand we have P.yP" = P.7, and the method of Eq. (26)
is therefore identical to the standard weighted residuals
method (in this case the Fourier—-Galerkin spectral
method) given in Eq. (25), which therefore has a numerical
Poisson bracket hidden behind it.

Thus, without doing any specific checking, we immedi-
ately know that a standard Fourier—Galerkin spectral
method applied to the linear advection equation, to the
nonlinear advection equation, or to the KdV equation will
exactly conserve [ u dx, [ u® dx, and their respective
Hamiltonians (in the limit of continuous time, of course).
Indeed, the conclusion holds for any system derived from
a Hamiltonian of the form /7' (u) = [ g(u, u,, uy., ...) dx
whose integrand is explicitly independent of x (necessary
and sufficient for the momentum 7'; 5 to be conserved);
that is, the Fourier—Galerkin spectral method applied to
any PDE of the form

D,g(u,u,, u,,,...), (37)

at axz( x"

where D, g denotes the derivative of g with respect to its
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nth argument, will exactly conserve [ u(x, f) dx, [ u?(x, 1)
dx, and 77 itself.

It is especially interesting to note that the class of meth-
ods suggested in this section were actually used by Gardner
[12] in his analytic development of the bracket, Eq. (15),
and Hamiltonian, Eq. (18), of the KdV equation.

4. BRACKETS FOR COLLOCATION METHODS

Of course, a Fourier—Galerkin spectral method as de-
scribed in Section 3.2 is not particularly efficient for the
solution of nonlinear problems because the evaluation of
the nonlinear terms can be rather expensive; instead, Fou-
rier collocation is generally preferred. In a collocation
method the continuum of state variables u(x) is replaced
by the discrete set of values u’ representing u(x) on a set
of grid points x;. This can be understood as a weighted
residuals method using weight functions that are delta func-
tions located at the grid points, 8(x — x;), or it can also
be understood as a weighted residuals method based on a
discrete approximation to the inner product. The former
approach is not useful here since typically (S(x — x;),
J8(x — x;)) = 01if i # j and is often undefined if i = j,
formally because ¢ is not in the range of .%. Therefore it
is the latter approach, approximation of the inner product,
that will be exploited here. The key idea will be that a
collocation method can be fit within the bracket structure
of a problem by replacing the continuum inner product by
a discrete quadrature rule and by replacing the operator
by an approximation J computed using data on the grid,
provided only that the approximation to .7 retains its anti-
symmetry under the quadrature formula chosen (which
usually means that a discrete integration-by-parts rule
must hold).

Suppose that the inner product (, ) can be approximated
using a quadrature rule, so that

(f.g) = % Wi f(xX1) g (xi), (38)

where the w; represent the quadrature weights on the grid
X;, and note that x, could represent a point in a one, two,
three, or more dimensional set of independent variables.
Also note that the quadrature weights will quite naturally
allow us to lower and raise indices using the diagonal tensor
w;; = w;6; and its inverse w”/ = (w;)"'8” (no sum). Now
let C;(x) represent a cardinal function for the grid, meaning
that C;(x;) = 6f, and define C'(x) = w'C;(x). Note that
these functions satisfy Ci(x;) = w* = (w;)"16* so that as
the number of mesh points is increased and the quadrature
weights go to zero the functions C(x) will become more
and more delta-like. Together, C;(x) and C/(x) provide a
bi-orthonormal set of expansion and weight functions un-
der the discrete inner product; that is,
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(C;, Cl) = Ek: wiCi(x)C7 () = 5{ (39)

Letting Cf = C;(x;) and C* = w'iCk = C'(x;) we can also
write this as
<CI" CI> ~ <Ci7 CI>C = Cffwklcjl = 6{’ (40)

where ( , ). represents the discrete ‘“‘collocation” inner
product.

Now, let u = {u!, u?, ..., uV} nominally represent the
values of u at the grid points {x;, x, ..., x5} and expand
functions # and v as u =~ u'C,and v = foj. Then

(.?‘(M)U)L(:x[ ~ ('7(ulcl)vjcf)|x:x1 (41)

= v/(S(W'CYC(x))|s=x, = v/ (),

where Ji(u) = #(u'C;)C;(x)|,~, is the standard collocation
approximation to the linear operator .#(u) based on the
cardinal functions C;(x). The collocation bracket (subscript
¢“c”) is then defined as

99

_ oF ..
7, 6] = 2= Jii(u) 2~
17, 41 o’ ( )au”

(42)

where

Ji(u) = Jiw/k, (43)
On the other hand, if the weight functions Ci(x) are put
into the continuum bracket and the quadrature formula is
used to estimate the integral there results

{c, o~ }k: wiC' () (' C) () cm,

= > wiCi(x) TE(u)(w/) !
- (44)
= S ww) ! audf (W)

= (W) i) = J(w) = [, ).

So the structure functions J”(u) of the collocation bracket,
Eq. (42), are simply approximations to the exact brackets
between the weight functions C/. This is consistent with
Eq. (28) for the weighted residuals method; the structure
functions of the bracket are equivalent to simply computing
the exact bracket between the approximate delta functions
C', but using the quadrature rule to approximate the in-
ner product.

From the bracket and an approximation 7 to the Hamil-
tonian we can then write down a set of discrete evolu-
tion equations
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du' _ 0K

ar PR (45)

However, in contrast to the weighted residuals methods
of Section 3, the anti-symmetry of the collocation bracket
is not automatic; the use of the quadrature rule and colloca-
tion approximation to .¥ could destroy the anti-symmetry.
This must be checked for each method under consider-
ation, if conservation of the Hamiltonian is to be preserved.

CP 4.1. In order for the collocation bracket to be anti-
symmetric it must be that for each i and j

w;Ji(u) = —w;J}(a) (nosum).

In this case the Hamiltonian will be conserved.

Proof. 1f J(u) = —J7(u) then the Hamiltonian will be
conserved since the collocation bracket will then be anti-
symmetric. But J7(u) = Ji(ww’ = (w;)"'Ji(u) (no
sum), so for anti-symmetry we require (w;) 'Ji(u) =
= (w;)"Ji(w), or wJi(w) = —w;Ji(u) for each i and j. |

One remark worth making here is that in collocation
methods certain degrees of freedom u’ can be associated
with physical system boundaries at which, depending on
the problem being modeled, an exchange of conserved
quantities could take place with some external environ-
ment. A system will have the Hamiltonian as a constant
of the motion only when it is isolated; when it is not we
should expect the Hamiltonian (and other “constants”) to
change because of the exchange across these boundaries
with the rest of the universe. I do not expect that the anti-
symmetry condition w;Ji(u) = —w;J/(u) should hold at
points x; on the boundary. Indeed, it is possible that Eq.
(45) will not apply at such points (e.g., inflow boundaries
where u is determined by boundary conditions and not
the evolution equation). We shall see some examples of
this later.

While the collocation bracket is somewhat less forgiving
than the weighted residuals bracket, requiring an explicit
check on its anti-symmetry, it still has two nice conserva-
tion properties for Casimirs (even, in fact, when the bracket
is not anti-symmetric).

CP 4.2. Suppose that ¢ (u) = {c, u) is a linear Casimir,
and suppose that c(x) is interpolated exactly, c(x) =
2 c(x))Ci(x). Then ¢ = 2y wic(xp)u* is a Casimir of the
collocation bracket.

Proof. Since ¢ is a Casimir it must be that #(u'C))c =
0. Therefore, 0 = S(u'C))c = J(u'C)) Z; ¢(x;))Ci(x) = 2
c(x).7('C))Cy(x), and so 0 = Z; c(x;)Ji(u) for all mesh
points i. This then implies that
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ou’

. 09 . 09 i
[%ﬂc:@]’(“) :ﬁ; JI(mwic(x;)

05 <
= 2 ) =0

which shows that ¢ is a Casimir of the collocation
bracket. |

CP 43. Suppose that there is a Casimir ¢(u) =
(172)u, u). Then ¢ = 2, wi(u*)? is a Casimir of the colloca-
tion bracket.

Proof. In this case we have 6¢/éu = u and so it must
be that #(u'C)u/Ci(x) = 0. But this implies that 0 =
W (S(u'C)Ci(x))|s=x, = w/Ji(u). Therefore,

. 00
[4, ¢ :J; JI(wywu! Iag Ji(wu' =0

and so ¢ is a Casimir of the collocation bracket. ||

Useful results for momentum conservation are not easily
derived because they depend on how the Hamiltonian is
approximated (which might be accomplished in several
ways). The obvious choice of 77 '(u'C;) as the Hamilto-
nian—simply substituting the finite expansion into the ex-
act Hamiltonian—for use with a collocation bracket could
result in tightly coupled convolution sums due to nonlinear
terms, just as it can in the weighted residuals method. In
order to gain any benefit from the collocation bracket over
the weighted residuals method of Section 3 it is necessary
to pay some attention to the treatment of nonlinear (really
cubic and higher) terms in the Hamiltonian. An example
will be presented below.

4.1. Example: Fourier Collocation

In order to illustrate this let us develop a Fourier spectral
collocation method for the KdV equation with periodic
boundary conditions. The exact bracket is again defined
by . = d/dx, so let

J;ﬁ _ {(1/2)(—1)”" cot((i — j)m/N), i#], (46)

0, i=j

be the standard spectral collocation first differentiation
matrix [14] for the points x; = i(2a/N), N even, i = 0, 1,
2, ..., N — 1, and let w; = 27/N be the trapezoidal rule
weights. The matrix J; is clearly anti-symmetric, and the
weights are independent of the index, so CP 4.1 is satisfied
and the collocation bracket will be anti-symmetric. The
resulting bracket will also have the functional .1~ =
(2m/N) Z; u' as a Casimir because the Fourier collocation
exactly interpolates the constant function (CP 4.2). Ap-
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proximating the integral (using the quadrature rule) and
derivatives (using the collocation derivative) in the KdV
Hamiltonian, Eq. (18), results in a natural approximate
Hamiltonian

RS (é (why -1 <NE D.(k. Z)w)z), 7)

where D, (k, [) = Jf is written to emphasize that this is a
collocation derivative in x. Although other approximate
Hamiltonians could be used, this approximation results in
a derivative of 7’ with respect to the degrees of freedom,

iz 7KdV
du’

’)2+—ZD (k])ZD (k. Du',  (48)

which contains no convolution sums of nonlinear terms.
From the approximate Hamiltonian and Eq. (42) we then
have a collocation method,

= 2} D.(i, ) |:% (uf)z — ,{E;O D.(k,j) g) D, (k, l)ul:|
(49)

¥

= D.(i, j)(w')* + 2 Di(i, D, (50)

i
N | =

J

for KdV, in which D,(i, j) = Jj is the usual first-order
collocation derivative matrix and D,.. = D3 is the usual
collocation third derivative matrix. Note that the antisym-
metry of J{ = D, (i, j) has been used in going from the first
to the second form of this equation. The second form of
this method is one that we might write down straight away;
it is a totally standard spectral collocation with the advec-
tive term treated in a conservative fashion [14, 15]. But
this latter form obscures the bracket structure which lies
behind the equation and thus it hides the conservation of
the Hamiltonian. For Egs. (49) and (50) do exactly con-
serve the Hamiltonian /7 x4y and also exactly conserve the
Casimir ./ This can be confirmed by direct calculation,
but by derivation of the method as a series of approxima-
tions to the true bracket and Hamiltonian, with the neces-
sary properties of the bracket maintained at each step,
these conservation laws become automatic.

This approach, based on discretization of the inner prod-
uct and .¥ operator and approximation of the exact Hamil-
tonian by a quadrature formula, actually underlies the
method used by de Frutos et al. [16] for the good Bous-
sinesq system, but in that paper the authors simply wrote
down the numerical bracket and approximate Hamiltonian
without suggesting that the idea in fact has applicability
beyond their specific problem. Their goal, successfully
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achieved, was a fully discrete symplectic method, rather
than a conservative method, and in this they benefited
from the trivial form of the exact bracket (in particular its
independence of u). When a conservative method is sought
this is by no means a necessary assumption, as we shall
see in Section 5. Again, however, as in Section 3.1, I think
that the important point is that a standard numerical
method for a Hamiltonian problem can have a Hamiltonian
structure of its own, described by a numerical bracket and
an approximate Hamiltonian.

4.2. Legendre—Gauss—Lobatto Collocation

As another example of the general method of derivation,
let us examine the nonlinear advection equation, but with-
out the assumption of periodic boundary conditions, by
using Legendre—Gauss—Lobatto collocation on the inter-
val —1 = x =< 1. In this case the collocation points x;, i =
0, 1, .., N, will be the N + 1 zeros of the polynomial
(1 — x?) dPy/dx, where Py is the Nth Legendre polynomial,

and the quadrature weights will be w; = 2/(N(N + 1)
P%(x;)) [17]. The cardinal functions are
1 —x?)dPyld.
Cy(x) = LX) dPyldx 1 (51)

N(N + 1)Py(x;) x; — x

(as is trivially verified from the differential equation
d((1 — x?) dPy/dx)/dx + N(N + 1)Py = 0) and the colloca-
tion derivative is then given by the matrix

.
PN(xt) 1 l7é .
Py()xi—x T
=D.(i,j) =4 NN+ 1)/4, i=j=0, (52)
N(N+1)/4, i=j=N,
0, i=j,i,j#N,0.
The J; and weights w; obviously satisfy w;J; = —w;J}, for

all i, jexcepti = j = 0ori =j = N (that is, everywhere
except the boundaries); this is an inevitable consequence
of the fact that Legendre—Gauss—Lobatto quadrature can
exactly integrate a polynomial of order 2N — 1. The failure
of the anti-symmetry condition in the bracket at the bound-
aries is physically correct because the system is not isolated;
there are boundary terms that arise from integration by
parts in the true bracket

107 9 09
16U ax ou

trnop=
(53)

:—fl o5 0 87 |87 05|
1 Su ax &t ou du |1
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Thus, the true bracket is not really anti-symmetric because
of these boundary terms, and the same is true of the collo-
cation bracket. So in this case CP 4.1 will apply and the
Hamiltonian will be conserved, except for boundary terms.
Similarly, because Nth-order polynomial interpolation can
exactly expand a constant, CP 4.2 applies, and a method
derived from the Legendre— Gauss Lobatto collocation
bracket will have the functional . 1" = 2, wu' as a Casimir;
we can therefore conclude that thlS quantity will be a con-
stant in the discrete method, except for boundary terms.

Let us briefly examine these properties of a Legendre—
Gauss—Lobatto collocation method for the nonlinear ad-
vection equation. The Hamiltonian can be approximated
by Z'xa = (1/6) E, o wi(u')>. The structure functions for
the collocation bracket are J7 = (w;)"'Ji, and so the semi-
discrete equation becomes

du’ i I

dr ou’ (54)

=32 DD

which is nothing unusual—it is a rather standard colloca-
tion method for the nonlinear advection equation written
in conservative form. As such, it is not surprising that the
Casimir 1" = ZZO wu' is conserved, in the sense that

~

l\)l’—"

=32 B W = W W 69

which is as it should be. It is less obvious from Eq. (54)
and J7'na 1S a constant, but this is obvious from the anti-
symmetric structure of the collocation bracket. A direct
calculation is therefore unnecessary, but easy because of
the anti-symmetry condition w;J; = —w;J] for all i and j
not on the boundary, and yields

d NA N N
ST D W = ) ) (56)

Thus, two of the conservation properties of the semi-
discrete method, Eq. (54), are natural consequences of
the numerical bracket which has been inherited by the
collocation method from the Poisson bracket for the ex-
act system.

5. COLLOCATION METHODS FOR THE
VLASOV-MAXWELL EQUATIONS

The previous examples have all been based on the trivial
bracket defined by .# = d/dx. A more complex bracket
structure underlies the Vlasov—Maxwell [18] equations of
plasma kinnetic theory, and in this section I shall use this
to further illustrate the ideas about numerical brackets
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described above. In one spatial dimension the Vlasov-
Maxwell equations are

%(x,v,t)——v—(xvt)— zE( ) (xvt) (57)

% (x,8) = —4n ; qa f: vfu(x,v,1t) dv, (58)

where v represents an independent variable—physically
the velocity of particles—and « is a species index denoting
a charged particle species whose mass is m, and whose
charge is ¢g,. These equations relate the density f, of
charged particle species in the single particle phase space
(x, v) to their self-consistent electric field, E. Physically
the distribution functions f, and electric field E are con-
strained by Coulomb’s law

% (x,1) =4m g Ga f: fulx,v,1) dv. (59)

The physical boundary conditions that often apply to f,
are f, — 0 rapidly as |[v| — o, f,(—1, v, ) given for v > 0,
and f,(1, v, 1) given for v < 0; these boundary conditions
in x say that the distribution of particles flowing into the
region between x = —1 and x = 1 is specified. The bound-
aries could be spatial locations other than x = =1, of
course; this is simply a trivial matter of scaling and shifting.
In the development that follows I shall truncate the velocity
range and scale it into —1 = v = 1 as well; scale factors
that result from such a scaling will not be written, however,
as they only serve to dirty the page. Physically a boundary
condition at v = *1 should specify the distribution func-
tions f, at “inflow”” points, determined by the sign of g, E(x,
t) at each point. In simulations one would most likely
choose the maximum and minimum velocity for truncation
based on a knowledge of the fastest possible particle in
the system being simulated so that f,(x, =1, r) = 0. If this
is true initially, at ¢ = 0, then it will be true for at least
some finite time range 0 = ¢ = T because particles are
subject to finite accelerations.

The bracket for these equations, presented in a trivially
different form in Ref. [1], is

{r, G}}=2J1_1 fl_lngF ){(;](j }(x v) dx dv
> "“f jllgg af“ ) (x v)
( )Bfa ) (x v) dx dv, (60)

where
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{5(; }_ of 9 6G 61)

T Tt

is the canonical single particle Poisson bracket. The Hamil-
tonian for the Vlasov—Maxwell dynamics is the sum of the
particle and field energies:

1 1 my? 11
;/((]”,E)zgjiljil : fadxdv+171§E2dx. (62)

Some of the more interesting constants of the motion
for the Vlasov—Maxwell system besides the Hamiltonian
include the number of particles in a species,

N,y = j | j | fudxd, (63)

which is a Casimir, and total linear momentum of the par-
ticles,

1 (1
M= Ea:f_] f_] myf, dx dv, (64)

which is a momentum in the formal sense, corresponding
to the invariance of the Hamiltonian under spatial transla-
tions. It is important to note, however, that the momentum
is a constant only if the constraint given by Eq. (59) holds;
formally, .# only generates the group of translations (act-
ing by f(x, v) = f(x — t,v), E(x) = E(x — t)) when Eq.
(59) is satisfied. Equation (59), Coulomb’s Law, implies
that the force between two particles depends only on the
distance between them, and their location with respect to
some external reference frame is immaterial. This means
that the center of mass of the system will feel no force
and will simply translate at a constant velocity. Another
important set of constants is the Casimirs

so= [ ] Frdxav, (65)

whose preservation is attractive in part because it provides
stability for the numerical method (which the physical en-
ergy does not, in the absence of a guarantee of positiveness
of the numerical approximations to the distribution func-
tions).

I have previously described a method [19] and presented
numerical results based on Legendre—Gauss—Lobatto col-
location for the Vlasov—Maxwell equations. That method
conserved energy, particles, and momentum even for dis-
crete time, but it was not noted there that the preservation
of these conservation laws could be understood in terms
of the bracket structure of the system. In this section I
wish to make this connection clear.
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The collocation points in x will be taken to be the
N, + 1 roots xg, X1, ..., xy_of the polynomial (1 — x?)
dPy /dx, and the collocation points in v will be the roots
Vg, U1, v, Uy, OF 1 -1v? dPy /dv; all the scale factors that
arise by mapping the problem domain into —1 = x = 1
and —1 = v = 1 can be absorbed into the quadrature
weights and collocation derivative matrix elements. The
collocation derivative matrices in x and v will be denoted
D, (i, k)and D,(j, ), respectively; except possibly for trivial
scaling factors, these matrices are given by Eq. (52). The
quadrature weights for x and v integration will similarly
be denoted w} and wj. As mentioned in Section 4.2, the
Legendre—Gauss—Lobatto weights and collocation deriva-
tive satisfy the anti-symmetry property of CP 4.1, except
at the system boundary (where we do not want them to);
this will be enough to make the collocation bracket, written
out explicitly below, anti-symmetric except for boundary
terms. Therefore, whatever approximate Hamiltonian we
use to define the dynamics, it will be conserved, except for
inflow and outflow at the system boundaries. Furthermore,
both CP 4.2 and CP 4.3 will be satisfied for ./, and S,,
respectively, so a method based on Legendre—Gauss—
Lobatto collocation will conserve particles and the square
integral of the distribution function, again, except for phys-
ically correct inflow and outflow.

Because of the large number of indices now required
(for space x, velocity v, and species) I shall dispense with
the summation convention; the only sums are those explic-
itly written, and the placement of indices will be dictated
by readability. The structure functions of the collocation
bracket between two distribution function values ¥ and
f&' is determined by the first double integral in Eq. (60).
This term for species « generates a piece of .7 that looks like

(66)

The structure function between f7 and f& is zero if
a # f3; otherwise,

NU
e XX IRTE

mywiwi

(67)
- 5k1Dv(]’ Z) %Dx(lv n)fgj:l

These are most easily computed by putting the weight
functions into the exact bracket and replacing the sums by
the quadrature rule, as described in Eq. (44). Alternately,
the collocation approximation to the operator .#( f,) in Eq.
(66) can be used and divided by the quadrature weights
wi and wY as in Eq. (43). Note again that these structure
functions are anti-symmetric only at interior points; at
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boundary points, i = k =0,i =k =N,,j=1=0,0rj =
[ = N,, the structure function is not anti-symmetric. This
is as it should be so that inflow and outflow are accounted
for. The bracket between the field and the distribution
function comes from the second double integral in Eq.
(60), which generates more species specific pieces of .¥ of
the form

5 dhso

gy | O | Al O (68)
Pa Mg J'l 8_fa§_fd
SF 19v of,

Using the collocation approximation to this operator, and
again raising the second index, yields the structure func-
tions

L4, B = =3, y%%Dqu (69)
(£ fi]. = o, f%;pomwm (10)

These terms are anti-symmetric even at boundary points
because this part of the exact bracket is explicitly anti-
symmetric, independent of the details at the boundary.

For the Vlasov—Maxwell equations a natural approxima-
tion to the Hamiltonian is

J=N,
’:Nrm 2 1 N,
=>> wiw? +— > (ED?wf.  (71)
« =0 8T =
j=0
From this we can compute the derivatives
O mu;
afl 2 wiwy (72)
and
a1
—— = — Eiw?. 73
oE" 4w (73)

The quadrature weights in these derivatives will be can-
celed out by their inverses appearing in the structure func-
tions of the numerical collocation bracket, and the discrete
version of the Vlasov—Maxwell equations will then be

W3 Db B DGO 08
o 1=0
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dE'

d[ = _4772%2 ijjfl] (75)

which is the form that was written down directly as a
collocation approximation in Ref. [19]. In writing these,
it has been noted that the collocation derivative exactly
differentiates a constant in x, 2, D,(i, n) = 0, and a qua-
dratic in v, 2,, D,(j, m)vz/2 = v;, assuming only that
N, =1 and N = 2. Equations (74) and (75) correctly
conserve H, = 2, wiwlfi and ./, = Z; wiw?(fi)?
because of CP 4.1, CP 4.2, and CP 4.3, again provided that
N, =1 and N, = 2, and of course, boundary terms will
appear to account for inflow and outflow. These conserva-
tion properties were observed in the simulation described
in Ref. [19], which made use of a second-order Runge—
Kutta time discretization; understanding systematically
what properties of this discretization were responsible for
these conservation properties was in fact part of the moti-
vation for the work described in this paper.

Momentum conservation is also preserved. Note that
because the equations conserve particles they are still con-
sistent with Coulomb’s law; that is, if the discrete Cou-
lomb’s law

N, Ny
;J D.(i,k)E* =47 > q, 20 wy fil (76)
= a J=

is satisfied initially, then it will be satisfied for all time,
except for boundary terms arising from particles accelerat-
ing out of the system at the velocity boundaries v = *1.
Using this it can be directly checked that [.# , /7], is given
purely by boundary terms, indicating that momentum is
constant, except for the physical loss of momentum
through the system boundaries.

The nonconservation of energy in a plasma physics simu-
lation is usually called grid heating or self-heating, while
the nonconservation of momentum implies the existence
of a net grid force. The method described here, based on
the Hamiltonian structure of the equations, has neither
grid heating nor a net grid force. The only reason energy,
momentum, particles, or ./, is not exactly constant is that
particles can enter and leave the system through its physi-
cal boundaries.

There have been other methods for plasma kinetic simu-
lation which conserve energy, and Lewis [20, 21] has in fact
described a class of Lagrangian (characteristic or particle-
following) methods that are derived from the principle of
least action. Through the introduction of suitable general-
ized momenta this naturally results in a system of equations
that are in canonical Hamiltonian form. More recently
Scovel and Weinstein [22] have developed a class of meth-
ods that are based on a numerical bracket that satisfies
the Jacobi identity. Both of these methods are essentially
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particle methods and, as such, rather different in character
from the Eulerian discretizations described here. Scovel
and Weinstein [22] in fact suggest that it is not possible to
develop a discretization of the Vlasov—Poisson system that
inherits a good (Jacobi) Poisson bracket by using discretiz-
ations on grids in x and v, but that instead, particle methods
must be used. Nothing in the present paper suggests other-
wise, since the bracket of Egs. (67), (69), and (70) does
not satisfy the Jacobi condition. The relative advantages
of particle methods of plasma simulation versus the so-
called ““Vlasov solvers’ are probably problem dependent;
particle methods have great advantages in cold plasmas,
but can yield noisy distributions and electric fields, espe-
cially in those regions of phase space that contain relatively
few particles. In contrast, Vlasov solvers can provide noise-
free resolution of high-velocity tails and other low-density
regions, but they can have difficulties resolving the ever-
changing scales of an evolving distribution function, espe-
cially at long times (at least in the absence of adaptive
grids or filtering).

6. CONCLUSIONS

The point is that Hamiltonian partial differential equa-
tions give special structure; you should consider this when
deriving numerical methods. The goal is not to derive
strange, new, exotic numerical methods. Rather it is that
very ordinary looking numerical methods can have some
of the Hamiltonian structure of the problem trapped inside
them. The exact Poisson bracket can be replaced by a
numerical bracket and structure functions can be computed
from this to provide a discretization of the system, with
evolution defined by the numerical bracket and an approxi-
mate Hamiltonian. Recognition of this can allow the identi-
fication of which constants of the motion have been pre-
served (in the limit of continuous time) by a particular
method.

Itis hoped that the explicit construction techniques given
here for weighted residuals methods, including collocation
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methods, will be of use to those interested in examining
and understanding the conservation properties of existing
methods, or in designing methods that possess desired con-
servation properties.
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